INTRODUCTION
A considerable number of publications have been concerned with geometrically non-linear vibrations of elastic suspended cables. Most of them are devoted to horizontal and shallow cables, whose non-linear modal interactions due to internal resonance phenomena are quite interesting subjects. Understanding of cable structural mechanics and non-linear dynamic behaviors due to internal/external resonance effects has been obtained by various analytical, numerical and experimental treatments [1] .
As regards mechanical modeling and formulation, some simplifications, worth easing the analytical procedures, are frequently found in the relevant literature. The kinematic condensation technique is a well-established one, which considers zeroing the longitudinal inertia based on the quasi-static stretching assumption of the cable in motion, and links the corresponding longitudinal displacements to the transversal ones. As far as linear vibrations are concerned, the kinematically condensed model proves to be very useful for, e.g., identifying the low-order natural frequencies and modes of low-extensible and shallow cables [2] . However, when moving towards the non-linear regime, this model essentially disregards higher-order contributions of longitudinal dynamic deformation to the physics of the problem, by admitting spatiallyindependent non-linear stretching in cable kinematics. In other words, the system longitudinal and transversal dynamics are considered as non-linearly uncoupled, and the system vibrations are governed by integro-differential equations describing the solely transversal motion. In contrast, by accounting for both spatial and temporal variability of cable stretching via exact [3, 4] or approximate [5, 6] element kinematics, overall non-linear coupling is captured through the ensuing partial-differential equations (PDEs) of motion, and the space-time varying non-linear dynamic responses and tensions can be thoroughly assessed.
From a modal interaction viewpoint, suspended cables exhibit various activable planar and non-planar (e.g., 1:1, 2:1) internal resonances due to the geometrical combination of quadratic and cubic (cable sag and stretching) nonlinearities and to the vanishing non-linear orthogonality properties of modes [7, 8] . For a non-planar interaction, both 2:1 and 1:1 resonances have been investigated in [9] [10] [11] and [12] [13] , respectively, whereas multiple internal resonances involving several planar/non-planar modes have been explored, e.g., in [14] [15] . All of these analytical studies, which describe fundamental and rich forced dynamics of a weakly non-linear system, were based on the condensed horizontal cable model. More recently, based on the noncondensed model [5] , the 2:1 resonance effects on non-linear planar free vibrations have been highlighted for both horizontal/inclined cables [6] . Within an independent numerical framework, the strong modal interaction features characterizing large-amplitude free or forced vibrations due to internal resonance effects have been investigated in [3] [4] and [16] [17] through a finite difference-or finite element-based, non-condensed, cable model, respectively.
In this study, we aim at making a thorough comparison of cable non-linear forced responses with kinematically non-condensed (NC) vs condensed (CC) modeling. The main goal is to highlight the effects of kinematic condensation on non-linear modal interactions due to 1:1/2:1 internal resonances in shallow horizontal cables as a result of different involvement of symmetric/anti-symmetric modes. Attention is focused on planar dynamics, wherein the effects of the two alternative models already fully display, and the analysis is conducted in such a way to highlight higher-order contributions from both resonant/non-resonant modes to the response of various -crossover/non-crossover -cables. The paper is organized as follows. In Sect. 2, approximate non-linear PDEs of motion of NC/CC models are addressed, with a comparison of system quadratic/cubic coefficients obtained through a multi-mode Galerkin expansion. In Sect.3, the asymptotic solution based on second-order multiple scales is summarized for each resonance case. Modal contributions and a comparison of interaction coefficients are discussed in Sect. 4, prior to examining the non-linear response through a continuation technique in Sect. 5 . Direct numerical integrations of modulation equations are also performed to verify continuation results.
A comparison of space-time varying non-linear dynamic configurations and tensions is carried out in Sect. 6 . The paper ends with the conclusions in Sect. 7.
THEORETICAL BACKGROUND
A horizontal suspended cable subjected to a uniformly distributed vertical harmonic excitation, F(x, t) = FcosΩt, is schematically shown in Fig. 1 Modulus, A the cross-sectional area, w C the self-weight per unit unstretched length, S C the equilibrium length, c the viscous damping coefficient, F and Ω the amplitude and frequency of harmonic excitation, respectively. Here, x is the spatial variable, and t denotes time, the prime and dot being the relevant derivatives. The flexible cable is assumed to be homogenous and linear elastic with negligible torsional, bending and shear rigidities. Consider also that the cable has a small initial sag-to-span ratio (less than 1:8) and low static strain, the associated static configuration being described through the parabola 4( 1 ) yd xx = − %% % [2] . In the following, the (∼) notation is dropped and zero boundary conditions, i.e.,
imposed. Symmetric (anti-symmetric) modes correspond to symmetric (anti-symmetric) v and anti-symmetric (symmetric) u components.
Kinematically Non-condensed Modeling
With the assumption of moderately large vibration amplitudes leading to a small dynamic strain, approximate element kinematics of total axial strain (e f ) of cables is given by [5] ( ) . This mechanical model, which holds also for inclined cables [5, 6] , nonlinearly couples the u and v dynamics, and contains both quadratic/cubic non-linear terms even in the absence of initial sag (i.e., the taut string case). By omitting nonlinearities, damping and forcing terms, natural frequencies and (u/v) modal shapes are determined based on an N-terms assumed sine-based series [5] . It is worth noting that, consistent with the assumed parabolic profile, here we put ρ ≈ 1 in both the linear dynamics analysis and the linear terms of Eqs. (2) and (3), so that the expected differences between NC/CC models mainly result from non-linear
terms. Yet, higher-order effects of ρ 3 will be accounted for in non-linear terms since numerical results in [5] have highlighted their significant contribution to non-linear response.
Kinematically Condensed Modeling
For CC model, it is further assumed, with respect to previous assumptions, that (i) the secondorder term 2 u′ of the longitudinal gradient is negligible with respect to unity, and that, besides being ρ ≈ 1 in statics and linear dynamics, (ii) the higher-order ρ 3 effects in the non-linear dynamics are also negligible. Furthermore, by assuming that (iii) the cable non-linearly stretches in a quasi-static manner [2] in the absence of longitudinal external loading, the corresponding inertia and viscous damping effects are eliminated. Accounting for Eq. (2) and relevant boundary conditions, the dynamic strain in Eq. (1) becomes ()
Thus, the CC model exhibits a space-independent dynamic tension (EAe d ) averaged over the spatial integral, in contrast with Eq. (1) that allows for both spatial and temporal strain variation.
Similar to [14] [15] 
whereas the u displacement turns out to be v-dependent. Closed-form expressions of natural frequencies (ω) and modes of this CC system can be found in [2, 5] .
Multi Modal Discretization and Interaction Coefficients
Eqs. (2) and (3) or Eq. (5) are cast in state-space (first-order) form [7] . Accounting for the orthonormality properties of linear eigenfunctions, the derived equations are projected onto the system full eigenbasis by letting 11 , , 
whereas those of CC model read (10) Preliminary observation of these physical coefficients provides some hints about possible differences in the associated numerical outcomes [5] :
• Both quadratic/cubic coefficients depend on the mechanical parameter α and the static solution (y′, y′′), but only the NC model accounts for ρ 3 -term effects.
• The NC (CC) model explicitly accounts for (ignores) non-linear coupling of longitudinal φ and vertical ϕ displacements, which possibly plays a meaningful role in system response depending on also cable sag and extensibility [18] .
• Looking at the terms involving the solely ϕ functions in Eq. (9) or (10) against (7) or (8), it can be seen how the kinematic condensation entails approximating the exact integrals of products of the shape functions of NC model through products of their integrals.
SECOND-ORDER MULTIPLE SCALES SOLUTION
For a weakly non-linear response, periodic solutions to Eq. (6) are determined using the method of multiple scales (MMS) in condition of primary external and 1:1 or 2:1 internal resonance. The second-order asymptotic analysis is considered, capturing combined effects due to higher-order quadratic and cubic nonlinearities [7] . With ε denoting a small bookkeeping parameter, we order the damping µ m and excitation Z m amplitude so that they appear in the same and σ being external and internal detuning parameters, respectively. In both cases, the external excitation is assumed to put energy into the system via a symmetric (s) mode because Z s ≠ 0. A companion r mode -which may be either symmetric or anti-symmetric -is driven in the response via relevant internal resonance. Following the MMS analysis of free-undamped dynamics in [7] and accounting for modal interaction of the two coupled (r, s) modes, approximate solutions of the forced-damped dynamics are obtained and herein summarized.
One-to-One Internal Resonance
Because 1:1 internal resonance is associated with cubic nonlinearities, the ensuing secular effects appear at ε 3 order. The real-valued modulation equations describing the slowly-varying evolution of amplitudes (a r , a s ) and relevant phases (β r , β s ) are obtained as [18] ( ) (11) (12) (13) (14) in which γ r = (σ f +σ)t -β r , γ s = σ f t -β s , ∆ = γ r -γ s , and K are second-order coefficients depending on the infinite-dimensional modal series and governing quadratic and cubic contributions. They read: (15) (16) (17) (18) (19) Note that the 1:1 resonant interaction is activated only if at least one of K 1 , K 2 and K 3 is nontrivial [8] . Based on the assumed full-basis Galerkin expansion, the second-order coupled forced dynamic configurations associated with the u (J=1) or v (J=2) displacement component of a 1:1 resonant suspended cable are expressed as 
with J = 1, 2 (J = 2) for NC (CC) model. The pertinent spatial corrections ,
ψ κ accounting for quadratic effects of all infinite modes can be found in [7] .
Two-to-One Internal Resonance
The secular effects due to a 2:1 internal resonance appear at ε 2 order which is associated with quadratic nonlinearities only. However, one has to account for also the higher ε 3 -order effects associated with both quadratic and cubic nonlinearities so as to refine the asymptotic-based solution [6] . We consider primary resonance of a high-frequency symmetric s mode, instead of a low-frequency r one which may be either symmetric or anti-symmetric. The relevant real-valued modulation equations read [18] sin , 4 rs r rr r r aa aa 
where γ r = σt -2β r + β s , γ s = σ f t -β s , and the first-order interaction coefficient
The second-order coefficient K ss is identical to Eq. (15) 
The 2:1 resonant interaction is activated only if ℜ is non-trivial [6, 8] , a circumstance which herein certainly occurs because the high-frequency mode is symmetric. In turn, the second-order coupled forced dynamic configurations of a 2:1 resonant suspended cable read ( ) 
where the spatial shape functions ( ,
ψ κ ) can be found in [5, 7] .
Mention must be made that, for the sake of generality, we account for also higher-order effects of σ both in second-order coefficients, Eqs. (16), (17), (19) and (26), of modulation equations, and in spatial displacement corrections of Eqs. (20) and (27), whereas these effects were disregarded in [5, 6] . On accounting for higher-order quadratic effects from every mode in the coupled amplitudes and displacements, the major drawback of discretization solution -in which the spatial variation in non-linear problem is assumed to be the same as that in linear problem -has been overcome. Indeed, it is seen from Eqs. (20) and (27) Thus, it is conjectured that overall errors in the associated non-linear dynamics may be meaningful. In the following, a prerequisite analysis of interaction coefficients is presented. The non-crossover (λ/π ≈ 2.95) cable involves symmetric (s,r) modes [6] , whereas the crossover (λ/π ≈ 2.02, 4.03) cables involve, though being different depending on the activated internal resonance, anti-symmetric low-frequency r modes, see also v shapes in Fig. 2 . The convergent number N of the assumed sine series in linear dynamics increases with d and α, and the modal integral ϒ s affecting the forcing magnitude (Z s = Fϒ s ) changes with the solely v shape function.
Modal Interaction Perspectives
Actual features of internal resonance activation and possible solutions are drawn as follows.
I. Nearly (ω m ≈2ω r ≈2ω s ), instead of perfectly, tuned cables are considered in Table 1 , to avoid singularities due to small divisor terms in Eqs. (15)- (19) or (25) II. The NC model involving a 1:1 resonance exhibits -though being not explicit -vanishing K 1 and K 2 through the embedded quadratic (Eq.7) and cubic (Eq.8) coefficients, in agreement with CC model through Eqs. (9) and (10) [8, 18] . This is because the non-linear orthogonality properties hold between the eigenfunctions of mixed modal types at crossovers. ΓΓΓ and srrr Γ are zero in both K 1 and K 2 , too. In contrast, K 3 is always non-trivial, and the 1:1 resonance seems to be always activated at crossovers [8] .
III. As regards the 2:1 resonance, both NC and CC models never reveal zero values of ℜ when the symmetric high-frequency mode is involved in the internal resonance. Thus, such 2:1 resonance is always activated in horizontal cables [6, 8] .
IV. Analysis of Eqs. (11)- (14) or (21)- (24) 
Second-Order Quadratic Modal Contributions
Because both NC/CC models exhibit similar modal participation with the same number of retained modes [18] , we use the more general NC model to discuss the modal contributions to second-order quadratic (a superscript q) coefficients due to a 1:1 ( In view of Table 2 (Table 2) , but up to the 9 th mode for larger-sagged cables (Table 3) .
Overall, the second-order quadratic modal contributions due to 1:1 constraining the analysis to just the first order [1] . Based on the MMS, the lowest-dimensional discretization yields quantitatively-inaccurate and/or qualitatively-crude results with respect to the coinciding infinite-dimensional discretization [6] or direct [12, 14] perturbation.
A Comparison of Effective Non-linear Coefficients
The effective first-(ℜ) and second-order (K) coefficients of NC/CC cables in Tables 2 and 3 are now compared in Tables 4a and 4b , respectively. Apart from overall significant quantitative discrepancies, it can be seen that, for 1:1 resonant first (Table 4a ) and second (Table 4b) crossover cables, there is no sign difference in all of the K rr , K ss , K rs , K 3 values; in particular, the CC model predicts smaller (larger) absolute values of K rr (K ss , K rs , K 3 ), thus entailing weaker hardening effects [7] . As regards 2:1 resonant cables, the CC model predicts larger absolute values of ℜ. Moreover, while only -though substantial -quantitative difference is amenable to K rr and K ss , a remarkable sign difference occurs in K rs for both non-crossover (Table 4a ) and second-crossover (Table 4b) cables. As discussed in [5, 18] , such circumstance occurs because in K rs the difference of the embedded cubic coefficients between NC/CC models is substantially larger than that of the embedded quadratic coefficients. The underlying physical meaning is that, based on second-order analysis, the CC model reduces (strengthens) the degree of hardening (softening) nonlinearities, since meaningful higher-order effects of longitudinal dynamic deformation due to cable stretching are neglected through the kinematic condensation. Such remarkable differences in overall values and/or sign of some coefficients are capable of influencing the ensuing non-linear dynamics and bifurcations of the two cable models.
A COMPARISON OF NONLINEAR DYNAMIC RESPONSES

A NC/CC comparison of non-linear dynamic responses is made by means of frequency-and
force-response diagrams. To evaluate the equilibrium (fixed points) and dynamic solutions, the Cartesian form of Eqs. (11)- (14) or (21)- (24) is considered. Following [19] , the fixed points representing steady-state motion are evaluated by the Newton-Raphson procedure, whereas the dynamic solutions representing limit cycles are evaluated based on the shooting application, with overall paths being traced out, upon varying a control parameter, via the continuation approach.
Stability of fixed points is analyzed based on eigenvalues of the relevant 4x4 Jacobian matrix, whereas stability of limit cycles is evaluated based on Floquet multipliers. As mentioned in Sect. 
(IV), both coupled (a
First-Crossover Resonant Cable
The first-crossover cable, commonly considered in the literature [1] , is first analyzed in the 1:1 resonant interaction case. The first comparison is made through the frequency-response curves shown in Fig. 3 with a small forcing amplitude F = .002 (Z s ≈ .0016). The qualitative resemblance of overall pictures and bifurcation types with NC ( Fig. 3a) and CC (Fig. 3b) The overall distinctive outcomes are due to the fact that, with the two models, the difference in the uncoupled branch is solely controlled by the different coefficient K ss , whereas the difference in the coupled branch is thoroughly affected by all of the different coefficients K rr , K ss , K rs and [11] [12] [13] [14] . As a result, the CC model exhibits more softening non-linear response than the NC one, as already discussed in (Fig. 4c) shows the occurrence of a large region of dynamic solutions in between the two Hopf bifurcations at F ≈ .0161 (HF 1 ) and 0.0482 (HF 2 ) in the stable coupled branches, whereas the CC model (Fig. 4d) reveals none of them.
Similar to Fig. 3 , the CC model underestimates (overestimates) a s (a r ) values with respect to the NC one. As a result, in the considered F range, the stable coupled a r amplitudes in Fig. 4d are seen to be always greater than the corresponding a s amplitudes, in contrast with Fig. 4c, where a s dominates the coupled response in the larger F range.
Second-Crossover Resonant Cable
A comparison of frequency-response diagrams of 1:1 resonant second-crossover cable is presented in Fig. 5 . In this region, using the CC model, Pakdemirli et al. [12] also investigated a 1:1 resonance, however involving in-plane/out-of-plane modes, whereas a NC/CC comparison of responses due to planar 2:1 resonance is reported in [18] . With the same assigned parameters and σ f range as of the first-crossover cable, the softening dynamic responses of NC (Fig. 5a ) and CC (Fig. 5b ) models are still in qualitative agreement, and they are similar to those in Figs. 3a and 3b because the sign of K rr , K ss , K rs and K 3 does not change for the higher crossover cable (Table 4b vs 4a). However, overall response in Fig. 5 is more softening, as expected due to the larger sag.
Again, the CC model predicts more softening behavior than the NC one.
As regards stability and bifurcations, some remarkable changes occur in both models with respect to Fig. 3 It can be seen that, after experiencing initial short-interval transient dynamics, both NC ( Fig.6a) and CC (Fig.6b) with respect to 6c and 6d, respectively. Essentially, qualitative differences -in terms of both the extent and duration of interaction -occur between NC (Fig.6e) and CC (Fig.6f ) models according to the fact that the associated dynamic amplitudes are substantially different at σ f = 0 (Figs. 5c vs 5d) . Overall, the numerical results validate the continuation outcomes, yet providing a further comparison in terms of non-linear temporal behaviors.
Non-Crossover Resonant Cable
Moving to the non-crossover cable (λ/π ≈ 2.95) exhibiting 2:1 resonance, major quantitative and qualitative discrepancies are visible between the frequency-response curves of NC (Fig.7a) and CC (Fig.7b) models. The uncoupled a s solution now exhibits a hardening non-linearity and the indirectly-excited a r amplitudes play a dominant -or comparable -role in the coupled responses with respect to the directly-excited a s amplitudes. The differences between the two models are significant mostly as regards the coupled branches emanated from the uncoupled branches via PF 1 and PF 2 bifurcations. This occurs even though the overall forcing magnitude is reduced, with respect to the crossover cable cases, to Z s ≈ .0005, while fixing F = .002, due to a decreased ϒ s (Table 1) . Remarkably, the CC model (Fig.7b) predicts overestimated a r values, with the associated coupled responses being confined in a marginal σ f range with respect to NC model (Fig.7a) . Moreover, the former reveals the existence of dynamic solutions with two HF 1 /HF 2 bifurcations, which do not occur in the latter.
Apart from the very large quantitative errors, the qualitative differences of NC and CC models are definitely apparent in the force-response diagrams of Fig.8 , with σ f = 0 corresponding to Fig.7 . The NC coupled and uncoupled branches in Fig.8a are seen to be isolated from each other in the considered F range, with the latter being stable over the entire interval. On the other hand, the CC model reveals in Fig.8b how the uncoupled branch loses stability via PF 1 at a very low F and regains stability at PF 2 . The stable coupled a s branch is almost coincident with the unstable uncoupled one. This shows that the stable coupled solution takes part in only a certain F range, unlike Fig.8a , where the stable coupled/uncoupled branches nearly always coexist with their amplitudes monotonously increasing when increasing F. These outstanding qualitative differences may be attributed -besides to the overall quantitative differences in the first-and second-order coefficients governing the amplitudes at different orders -also to the sign difference in the resulting K rs of the two models discussed in Sect. 4.3.
A COMPARISON OF NONLINEAR DYNAMIC DISPLACEMENTS AND TENSIONS
A comparison of non-linear dynamic displacements furnished by NC/CC models is now presented, in conjunction with the significance of space-time non-linear dynamic tensions [3, 4, 6] , which has been overlooked in many studies. (Fig.9a) and second (Fig.9b) crossovers, the 1:1 resonant displacements are actually asymmetric with respect to middle span, whereas the 2:1 resonant ones, due to purely symmetric modal interaction, still exhibit the symmetric spatial character (Fig.9c) . These results are in qualitative agreement with numerical and analytical results in [4] and [6] , which whereas there are some qualitative differences in 2:1 resonant profiles. Namely, as mostly visible at t=.4τ or .5τ in Fig.9c , the NC model shows the symmetric second mode-like configuration (see Fig. 2 ) because the driven a r amplitude (≈ .000784) dominates the coupled response and contributions from the corresponding a s amplitude (≈ .000168) are relatively small (Fig.7a) , whereas the CC model exhibits a clear combination of 2 nd and 5 th modal shapes because the amplitudes (a r ≈ .000547, a s ≈ .000415) of the two participating modes are nearly comparable to each other (Fig.7b) . Thus, the largest difference at t = .4τ or .5τ is seen in Fig.9c at cable midspan, where the maximum static curvature and quadratic drift effects take place. With σ f ≈ -.12, because of low-amplitude responses, it is obvious that all of the dynamic tension distributions of uncoupled NC solution (Fig.10c) are nearly spatially uniform, like those of CC model (Fig.10d) ; consequently both models have comparable values at each time step and one may use the CC model for such situation. On the other hand, there are greater differences in the larger-amplitude coupled responses, where the associated spatial variation of NC dynamic strain is actually important putting into evidence a strong asymmetric feature. The coupled responses also produce larger dynamic stresses than the uncoupled ones, with respect to the case σ f = 0. With NC model, the maximum tensile (compressive) stress at t = 0 (t = -. [20, 21] . In contrast, analyses based on CC model, besides being definitely constrained to spatially-constant tensions, give rise to considerably underestimated dynamic stresses. This may result in unreliable design, particularly when compressive forces might actually occur.
CONCLUSIONS
Non-linear forced vibrations of shallow horizontal cables due to simultaneous primary For this reason, to obtain more accurate approximate solutions and overcome some inherent drawbacks of the condensed model, it is recommended, based on our explorations, to consider the more general non-condensed model in the analytical-numerical treatment of cable non-linear resonant dynamics. In this respect, the drawbacks are expected to be somehow enhanced whenever considering a multiple internal resonance involving coupled planar/non-planar modes, as well as highly extensible and/or non-shallow (i.e., non-parabolic) suspended cables. 
